Phantom inflation with a steplike potential 
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The phantom inflation predicts a slightly blue spectrum of tensor perturbation, which might be 
tested in coming observations. In normal inflation models, the introduction of step in its potential 
generally results in an oscillation in the primordial power spectrum of curvature perturbation. We 
will check whether there is the similar case in the phantom inflation with steplike potential. We find 
that for same potentials, the oscillation of the spectrum of phantom inflation is nearly same with 
that of normal inflation, the difference between them is the tilt of power spectrum. 
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I. INTRODUCTION 

The results of recent observations are consistent with 
an adiabatic and nearly scale invariant spectrum of pri- 
mordial perturbations, as predicted by the simplest mod- 
els of inflation. The inflation is supposed to have taken 
place at the earlier moments of the universe [H , Q , [1] , 
which superluminally stretched a tiny patch to become 
our observable universe today. During the inflation the 
quantum fluctuations in the horizon will be able to leave 
the horizon and become the primordial perturbations re- 
sponsible for the structure formation of observable uni- 
verse. In this sense, exploring different inflation models 
is still an interesting issue. 

Recently, the phantom field, for which the parame- 
ter of state equation to < —1 and the weak energy 
condition is violated, has acquired increasely attention 
[H, inspired by the wide use of such fields to describe 
dark energy, e.g. @ , @ , , i , 0,113,113. The sim- 
plest realization of phantom field is a normal scalar field 
with reverse sign in its dynamical term. The quan- 
tum theory of such a field may suffer from the causal- 
ity and stability problems fl2l. [l3j. However, this does 
not mean that the phantom field is unacceptable. Ac- 
tions with phantomlike form may be arise in supergravity 
14 1 , scalar tensor gravity [l5[ , hig her derivative gravity 
16 1, braneworld jl7| . stringy [LSI ], and other scenarios 
19 , ■ The phantom inflation, which is drived by the 
phantom field, has been propos ed I 2l| . and widely stud- 
ied in m,[H,[H, 0,(2^,113, [2^. P hantom infla- 
tion, the power spectrum of curvature perturbation can 

be nearly scale invariant. The duality of primordial spec- 
trum to that of normal field cosmology has been studied 
in [22], [29| . In the meantime the spectrum of tensor per- 
turbation is slightly blue tilt, which is distinguished from 
that of normal inflationary models 21] . 

The power spectrum of perturbations in the nor- 
mal inflation depends on the inflaton potential. In 
some inflationary models, there may be inflaton po- 
tentials with a large number of steps. The steplike 
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change in the potential will result in a universal os- 
cillation in the spectrum of primordial perturbations 

and also OH,^. A 
burst of oscillations in the primordial spectrum seems to 
provide a better fit to the CMB angular power spectrum 
40], 41]. In this Letter, we will check whether there is 
a similar feature in the phantom inflation with steplike 
potential. We will consider a quadratic potential with a 
step and a hybrid potential with a step, respectively, and 
numerically calculate the corresponding power spectrum, 
and then compare them with that of normal inflationary 
model. 

The plan of this work is as follows. In section II we 
present the phantom inflation scenario and give the sim- 
ple analysis of the background evolution with steplike 
potential. In section III we discuss the calculation of 
the power spectrum and present numerical results for 
the primordial spectrum. Section IV contains discussion 
and conclusions. Note that we work in units such that 
h = c = 8irG= 1. 



II. THE BACKGROUND OF PHANTOM 
INFLATION WITH A STEP 

The simplest realization of phantom field is a normal 
scalar field with reverse sign in its dynamical term. This 
reverse sign results in that, different from the evolution of 
normal scalar field during the normal inflation, the phan- 
tom field during the phantom inflation will be driven by 
its potential up along its potential, e.g.[9l [Toj| . Thus if 
initially the phantom field is in the bottom of poten- 
tial, analogous to the slow rolling regime of the normal 
scalar field, the phantom field will upclimbe and enter 
slow climbing regime. Hereafter, the phantom inflation 
begins, and after some time the phantom inflation ends 
and the universe enters into a period dominated by the 
radiation. The exit from the phantom inflation can be 
implemented by introducing an additional normal scalar 
field [2l| . in which the exit mechanism is similar to the 
case of hybrid inflation [42|, l43l , the imposition of back- 
reaction [261 ] . the wormhole [231 ] . the brane/flux annihila- 
tion in string theory (27| . or the nonminimally coupling 
of the phantom to gravity [28| . 

When the phantom field is minimally coupled to the 
gravitational field, the Friedmann equation can be writ- 
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where H 2 is positive, which means in all cases for the 
phantom evolution its dynamical energy must be smaller 
than its potential energy, thus the phantom inflation is 
not generally interrupted by the step in despite of the 
height of step. This can be compared with that in nor- 
mal inflation, in which it is possible that <fi 2 > V(<j)) 
for a high step and the inflation is interrupted for a 
short interval. The phantom field satisfies the equation 
(f> + 3H(j)— V'{4>) = 0. The phantom field is driven to up- 
climbe along its potential is reflected in the minus before 
V' term. Define the slow-climb parameters [2~i| 
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when the conditions \e p h a \ << 1 and \S p h a \ << 1 are 
satisfied, Eq ([]} can be solved semianalytically. Then we 
have a ~ e Ht approximately, which means the universe 
enters into the inflationary phase driven by the phantom 
field. 

The numerical solutions of evolution equations are re- 
quired for accurately evaluating the perturbation spec- 
trum. We shift the independent variable to a = In a, 
which will facilitate the numerical integration. With this 
replacement and using the energy conservation equation, 
we have 
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where the subscript a denotes differentiation for a and 
the prime denotes differentiation with the scalar field <j). 

In general, the step in the potential can be modelled 
by introducing the term proportional to tanh( - ^ 3tep ) . 
We consider a simple inflaton potential m 2 (f> 2 , then this 
potential with a step can be given by 



V(4>) = \m 2 <j> 2 



I + /3tanh(- 
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This potential has a step at 



^step 



with size and 



gradient governed by (3 and 8. We will focus on small 
features in the potential, and thus will limit the param- 
eter /3 small. In this case, the phantom will upclimbe 
continuously through the step while the inflation will not 
be ceased. 

The numerical results with the potential ([5]) can be 
seen in Figure [1] We can see that H is nearly constant 
in the inflationary era, but there are some differences 
from the normal background. H increases slowly in the 
phantom inflation compared with decrease slowly in the 
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FIG. 1: Evolution of the Hubble parameter H. H is in the 
unit of HO which is a model dependent parameter. H in- 
creases and is different from normal inflation 



normal inflation, since in the phantom inflation the en- 
ergy density is increased. There is a very abrupt change 
due to the existence of the step. 

The slow-climb parameters in term of a can be changed 
as follows 
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The introduction of the step leads to a deviation from 
slow-climb inflation, though during this interval it is still 
inflation. We have plotted the evolution of the two slow- 
climb parameters e p h a and 5 p h a around the time when 
the field crosses the step in Figure [21 



III. THE PERTURBATION OF PHANTOM 
INFLATION WITH A STEP 

We will investigate the power spectrum of curvature 
perturbations during the phantom inflation. In the scalar 
case it is advantageous to define a gauge invariant poten- 
tial 0,0 
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where z = aW2\e p h a \, and a denotes the scale factor, H 
is the Hubble parameter, and the dot is the derivative 
with respect to the physical time t. 

The equation of motion in the momentum space is 



k 2 | u k = 0, 

z 
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where the prime denotes differentiation with respect to 
conformal time and k is the wave number. The solution 
depends on the relative sizes of k 2 and z"/z. The z" / z 
term can be expressed as 2a 2 H 2 plus terms that are small 
during the phantom inflation. In general, on subhorizon 
scales k 2 3> z" / 'z, the solution of perturbation is a plane 
wave 

u k -±= e~* kT . (9) 
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FIG. 2: Evolution of the two slow-climb parameters e p ha (top) 
and Spha (bottom) with the introduction of the step. Different 



of the fi and 5 parameters: /? = 10 



lO -3 (red dotted 



line), = 10~ ,5 = 5 x 10 (green dashed line), /3 = 5 x 
10" 3 ,5 = 10~ 3 (purple dashed line), /3 = 5 x W~ [ \S = 5 x 
10" 4 (blue dotted line). 



The t= is obtained by the quantization of mode func- 
tion Ufc. Here a normal quantization condition has actu- 
ally been applied, like that in normal field, which seems 
inconsequential for phantom field. However, it is gener- 
ally thought that the phantom field might be only the 
approximative simulation of a fundamental theory below 
certain physical cutoff, and the full theory should be well 
quantized. In another viewpoint, we might assume that 
initially there is not phantom field, thus the perturbation 
deep inside the horizon follows normal quantization con- 
dition, then the evolution with w < 1 emerges for a pe- 
riod, which is simulated phenomenologically by the phan- 
tom field, as in island cosmology 46 1 or J27|. Thus the 



primordial perturbation induced by the phantom fields 
has to have a normal quantization condition as its ini- 
tial condition, or it cannot be matched to that of initial 
background. While on superhorizon scales k 2 -C z" / z 
the dominated mode is 

i*k oc z (10) 
which means that the curvature perturbation 

Iftkl = k/4 (ii) 



is constant. 

The spectrum V-jiik) is defined as 

2tt 2 



and is given by 
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We will numerically calculate V-r. However, before this 
it is interesting to show the result of V-r in the slow 
climbing approximation, which is 
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where the spectrum index is — 1 
This power spectrum may be either blue or red. The re- 
sults are dependent on the relative magnitude of e p h a and 
Spha, see [21| for the details. Eq. ((T4| is valid only when 
the slow climb approximation is satisfied, i.e.|e p ; la | <C 1 
and \S p ha \ *C 1, however, when the potential has a sharp 
step, the deviation of S is large, see Fig[5] In this case, we 
have to evolve the full mode equation numerically with- 
out any approximations. 

The perturbation equation ([5]). with the replacement 
a = Ina, can be written as 



+ (i + -^K + 



H 



k 2 z"/z 
e 2a H 2 ~ e 2a H 2 



with 



— = a z H z 

z 



2-5^-2^|-4^. 
H H 2 H 



u = Q (15) 



V"\ 
777) 



The evolution of spectrum is governed by the competition 
between the k 2 and z" / z terms. The overall normaliza- 



tion of Viz is proportional to m 



Jstep 



determines the 



wavelength at which the feature appears. The dominant 
contribution to z" / z is from the V" term and is pro- 
portional to (3/5 2 . Thus the range of k affected by the 
feature roughly depends on the square root of (3/S 2 . 

We plot the z" jz term in Fig [3] and solve the equa- 
tion numerically and give the results of power spectrum 
in Fig|U In Fig [31 we can see that the z" / z term is very 
different from 2a 2 H 2 . It has a sharp oscillation near the 
step. Fig [4] shows the power spectrum of phantom in- 
flation with potential of Eq.©. We plot it with three 
group parameters and can see that the introduction of 
step results in a large deviation from slow climbing in- 
flation and then a burst of oscillations superimposed on 
the nearly scale invariant scalar power spectrum. The 
magnitude and extent of oscillation is dependent on the 
amplitude and gradient of the step. Thus as in normal 
inflation, these oscillations will inevitably leave interest- 
ing imprints in the CMB angular power spectrum, which 
might provide a better fit e.g.[40|.[4lT|. 
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FIG. 3: Evolution of z"/z for /3 = 0.01 and 5 = 0.001 with 
the efolding number of inflation N and we have set N=0 at 
the step in the potential 
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The power spectrum of tensor perturbation is only de- 
pendent on e p h a - We set the parameter /3 small, thus ac- 
tually |e p / la | <C 1 around the step. In this case, the tensor 
spectrum is hardly affected, which remain nearly scale in- 
variant. However, due to e p h. a < 0, thus ht ~ — 2e p h a is 
slightly blue tilt for the phantom inflation [211 ] . which is 
distinguished from the normal inflation, in which tit is 
generally red tilt. 
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FIG. 5: Effects of a step in the potential on the power spec- 
trum of curvature perturbation for the phantom inflation and 
the normal inflation, respectively. The blue solid line corre- 
sponds to the phantom inflation with m = 7.5 x 10 _6 ,/3 = 
10~ 2 ,<5 = 5 x 10~ 2 and the green dashed line corresponds 
to the normal inflation with m = 7.5 x 10 _6 ,/3 = 10 _2 ,<5 = 
2 x 10" 2 



FIG. 4: The power spectrum of curvature perturbation for the 
phantom inflation with the potential ([5]), /3 = 5 x 10~ 3 ,5 
1 x 10~ 2 (true red line),/? = 5 x W 3 ,S = 10~~ 2 (dotted blue 
line)„fl = 10" 2 ,5 = 4 x 10" 2 (dashed green line). 

We compare the primordial spectrum of phantom infla- 
tion and normal inflation in Fig [SI the top line shows the 
primordial power spectrum of phantom inflation for the 
potential with m = 7.5 x lCT 6 ,/3 = ICT 2 ,<5 = 5 x ICT 2 . 
The normal inflation model with a same potential has a 
red spectrum n-ji < I, however, the phantom inflation 
background model has a blue spectrum n-ji > I. This 
is because what we consider here is the potential with 
m 2 (f> 2 . In principle, we can have the models of phantom 
inflation with n-ji < I by choosing a suitable potential 
[2lj j . We can consider a model of phantom inflation with 
the potential 

V(<P) = V + (l +/3taah( ~^ tep )) (17) 

where Vq is constant which dominates the potential. This 
potential is same with that of hybrid inflation with nor- 
mal field. Fig [B] shows that n-ji < 1 which is similar to 
that of the normal inflation with m 2 (j) 2 . 



IV. CONCLUSION AND DISCUSSION 

The phantom field can naturally appear in effective ac- 
tions of some theories, which might be only the approx- 
imative simulation of a fundamental theory below cer- 
tain physical cutoff. Thus the phantom cosmology have 
been widely studied. The phantom inflation predicts a 
slightly blue spectrum of tensor perturbation, which is 
distinguished from that of the normal inflation, in which 
the tensor perturbation is generally red tilt. This is 
a smokegun for the phantom inflation, which might be 
tested in coming observations. 

In normal inflation models, the introduction of step 
in its potential generally results in an oscillation in the 
primordial power spectrum of curvature perturbation. In 
this Letter, we find that for same potentials with the 
step, the oscillation of the spectrum of phantom inflation 
can be nearly same with that of normal inflation, and 
the magnitude and extent of oscillation is dependent on 
the amplitude and gradient of the step. The difference 
between them is the tilt of power spectrum. However, 
the same tilt can be obtained by considering a different 
potential of the phantom inflation. 

In general, (j> 2 for the phantom must be smaller than 
its potential energy in all time. Thus the phantom in- 
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FIG. 6: The power spectrum of curvature perturbation for 
the phantom inflation with the potential (|17[) , Vo = 3.7 x 
10- 14 ,m = 3.2xlO- 8 ,<rW;p = 0.0125, /3 = 5xW~ 4 ,S = 10" 5 . 
Corresponding to the spectra index n s < 1. 



nation is not interrupted by the step in despite of the 
height of step. This can be compared with that in nor- 



mal inflation, in which it is possible that for a high step 
the inflation is interrupted for a short interval. Here, we 
have limited the parameter /3 small, however, it is inter- 
esting to consider the phenomena of /3 ^> 1, i.e. there is a 
large step, by which the density of dark energy observed 
might be linked to that of inflation, as in the eternal ex- 
panding cyclic scenario, e.g.[13|, 48 1. This might lead to 



a lower CMB quadrupole in observable universe if the 
step is just in the position of potential, in which the per- 
turbation with Hubble scale leaves the horizon during 
the pha ntom inflation, as in the bounce inflation model 
38]. 39]. It is possible that the phantom inflation with 
steplike potential can be effectively implemented in cer- 
tain warped compactifications with the brane/flux anni- 
hilation, e.g. [13] ■ We expect to back to the relevant issues 
in the coming works. 
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